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ABSTRACT. We consider finite-dimensional complex Lie algebras. Using certain complex parameters we generalize 
the concept of cohomology cocycles of Lie algebras. A special case is generalization of f-cocycles with respect to the 
adjoint representation - so called (a, (3, 7)-derivations. Parametric sets of spaces of cocycles allow us to define complex 
functions which are invariant under Lie isomorphisms. Such complex functions thus represent useful invariants - we 
show how they classify three and four-dimensional Lie algebras as well as how they apply to some eight-dimensional 
. one-parametric nilpotent continua of Lie algebras. These functions also provide necessary criteria for existence of 
1-parametric continuous contraction. 

^ 1. Introduction 

^— > . 

The search for a new concept of invariant characteristics of Lie algebras led to the definition of 
(a, (3, 7)-derivations in [1]. Consider a complex Lie algebra £ and its derivation D G der£, i.e. a 
linear operator D G End£ satisfying for all x,y G C the equation D[x,y] = [Dx,y] + [x,Dy]. For 
fixed a, ft, 7 G C is a linear operator A G End£ called an (a, /?, 7) -derivation if for all x,y G C the 
equation 
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0\- (1) aA[x,y] = 0[Ax,y] +j[x,Ay] 

holds [1]. In this article we denote the set of all operators satisfying (1) by der( a ^ 7 ) C. Investigating 
■ the spaces der( Q ( g 7 ) C, various Jordan and Lie operator algebras were obtained. In [1] was also shown 
that the dimensions of these operator algebras and, in fact, the dimensions of all spaces der^^) C 
as well as their intersections form invariant characteristics of Lie algebras. The invariance of these 
dimensions enabled us to define so called invariant function ip C by the relation 

(2) ipC(a) = dimder (a l l) C. 

This complex function ip C turned out to be very valuable: it was used to classify all complex three- 
dimensional indecomposable Lie algebras. More significantly, it resolved some parametric continua of 
nilpotent Lie algebras. 

Prior to invention of the invariant function ip C, the isomorphism problem for algebras inside 
nilpotent parametric continuum had to be solved explicitly. If algebras inside a nilpotent parametric 
continuum are considered then all well known characteristics such as dimensions of derived, lower 
central and upper central sequences, Lie algebra of derivations, radical, nilradical, ideals, subalgebras 
[2, 3] and megaideals [4] naturally coincide. Moreover, due to Engel's theorem none of the 'trace' 
invariants based on the adjoint representation such as C pq [5] or Xi [6] exists in this case. The 
nilpotent parametric continua appeared for example in [7] where all graded contractions [8, 9] of the 
Pauli graded sl(3, C) [10] were found. The invariant function ip £ was successfully applied in [1] to 
some of the nilpotent parametric continua from [7]. This invariant function did not, however, resolve 
all nilpotent continua which were discussed in [7]. 

Often, the search of new invariant characteristics of Lie algebras is motivated by the classification 
of degenerations [5, 11, 12] or 1-parametric continuous contractions [13]. The applicability of the 
invariant function ip C (or its possible generalizations) in this field remained an open problem. 
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Precisely these facts motivated the work undertaken in this article. The idea of finding new 
invariant characteristics of Lie algebras via generalizing standard Chevalley cohomology cocycles is 
followed. New invariant functions are defined and applied not only to some cases from [7] but to 
all four-dimensional complex Lie algebras. Application of these generalized cocycles to 1-parametric 
continuous contractions is discussed. It is shown that these new invariants of Lie algebras constitute 
an essential tool for resolving parametric continua of nilpotent Lie algebras and provide powerful 
necessary contraction criteria. 

In Section 2, twisted cocycles of Lie algebras are introduced and two-dimensional twisted cocycles 
of the adjoint representation are investigated in detail. It is shown that there are sixteen cases of 
these two-dimensional cocycles which can be described by four complex parameters. 

In Section 3, the invariant functions ip and tp° are defined and their behavior on low-dimensional 
Lie algebras demonstrated. The invariant functions tp and tp are used to classify all three and four- 
dimensional complex Lie algebras. New algorithm for the identification of a four-dimensional complex 
Lie algebra is also formulated. 

In Section 4, possible application of the invariant functions ip,ip,<p° to contractions is considered. 
Necessary criterion for existence of a 1-parametric continuous contraction is formulated. The in- 
variant function ip is used to classify continuous contractions among three-dimensional Lie algebras. 
Application of the invariant functions on nilpotent parametric continua of Lie algebras resulting from 
contractions of the Pauli graded sl(3, C) is demonstrated. 

In Appendix A, the tables of the invariant functions ip, ip, p° for two, three and four-dimensional 
Lie algebras are listed. 

In Appendix B, proof of the classification Theorem 3.6 is located. 



2. Twisted Cocycles of Lie Algebras 

Let C be an arbitrary complex Lie algebra and (V, /) its representation. We denote by C q (C, V) 
the vector space of all F-cochains of dimension q for q G N and C°(C,V) = V. We generalize the 
notions of cocycles analogously to (a, (3, 7)-derivations. Let k = (/%) be a (q + 1) x (q + 1) complex 
symmetric matrix. We call c G C q {C, V), q G N for which 

9+1 

= ^2(-l) l+l K ii f(x i )c(xi, ...,£;,.. . ,X q+ l)+ 

1=1 
9+1 

(3) + ^ ^ ( — l) ^^KijC([Xi,Xj],Xl,...,Xi,...,Xj,...,Xq+l) 

i,j=l 
i<j 

a k— twisted cocycle or shortly k— cocycle of dimension q corresponding to (V,f). The symbol fj 
means that the term Xi is omitted. The set of all k— cocycles of dimension q is denoted by Z q (C, f, n) 
and it is clear that Z q (C, f, k) is a linear subspace of C q {C, V). We observe that for any e G C\{0} 
and q G N it holds: 

(4) Z q (CJ,K) = Z q (CJ,EK). 



2.1. Two dimensional Twisted Cocycles of the Adjoint Representation. The definition of 
(a, (3, 7)-derivations is now included in the definition of twisted cocycles. Considering the adjoint 
representation and its one-dimensional twisted cocycles, we immediately have: 

(5) Z 1 (£,ad /: ,(^))=der (ai/3i7) £. 

In this section we investigate in detail the space Z 2 (£, adc, k). For this purpose it may be more 
convenient to use different notation, analogous to that of derivations, defined by 



2l | ft «2 03 

(6) COC (ai,a2,a3A,/32,/3 3 ) C = Z £ ' ^ ° 2 A V 

a 3 a\ P2 
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i. e. in the space coc( Q , 1Q2iQ , 3i/ g li/ g 2 / g 3 ) £ are such B G C 2 (C,C) which for all x,y,z G £ satisfy 

= a 1 B(x, [y, z]) + 02^(2:, [x, y]) + a 3 B(y, [z, x\) 

(7) +(3 1 [x,B(y,z)]+f3 2 [z,B(x,y)]+f3 3 [y,B(z,x)]. 

Six permutations of the variables x, y, z G £ in the defining equation (7) give 

Lemma 2.1. Let £ be a complex Lie algebra. Then for any a±, a 2 , 03, Pi, P 2 , P3 G C are all the 
following six spaces equal: 

(2) coC( a3)Q , 1)Q , 2i/ 33 i/3li/ j 2 ) £ 

(3) coc (a2ia3iaii( g 2i/3 3 i/3l ) £ 

(4) COC (ai)a3)a2i/3lij g 3i/ 3 2 ) £ 

(5) coc( a2)ai)a3iftifti(93 ) £ 

(6) COC( Q , 3iQ , 2iQ , li( g 3i/ 3 2i/3l ) £ 

Lemma 2.2. Let £ be a complex Lie algebra. Then for any cti, a 2 , a 3 , Pi, p 2 , P3 G C is the space 
coC( Ql;a2iQ3i/3l)/ 3 2)/ 3 3 ) £ equal to all of the following: 

(1) COC( ai+a3ja2+aijQ , 3+Q , 2ii g 1+/ 3 3j/ 3 2+/ 3 lj/ 3 3+i g 2 ) £ H COC( ai _ a3ja2 _ Q , liQ!3 _ Q , 2ii g 1 _ / 3 3j/ 3 2 „ i g lii g 3 _ i g 2 ) £ 

(2) coC( 0iQ2 _ a3)a3 _ Q2)0i/ 3 2 _ / 3 3)/ 3 3 _ / 3 2 ) £ n coc( 2Q , liQ , 2+a3ia3+a2i2/3li/32+/33i/33+/32 ) £ 

(3) COC( 0iai _ Q , 2)Q , 2 _ aii0i( g 1 _ /32i/32 _ /3l ) £ n COC(2 a3)Q;i+Q2iQ2+Qli 2/3 3 ,/3 1 + l 8 2 ,^ 2 + / 3i) ^ 

(4) COC(o iQ3 _ ai , ai _a 3 ,0,ft-/3l,/3l-ft) ^ n coc (2a 2 ,a 3 +a 1 ,a 1 +a 3 ,2l3 2 ,l3 3 +f3 1 ,f3 1 +l3 3 ) £ 

Proof. Suppose ai, a 2 , a 3 , Pi, P 2 , P3 G C are given. We demonstrate the proof on the case 1. - the 
proof of the other cases is analogous. Let B G c oc( Q , ljQ , 2iQ , 3ii g li/ 3 2i/ g 3 ) £; then for arbitrary x, y, z G £ we 
have 

= aiB(x, [y, z\) + a 2 B(z, [x, y\) + a 3 B(y, [z, x]) 

(8) +Pi[x,B(y,z)]+p 2 [z,B(x,y)}+p 3 [y,B(z,x)} 

= ai-B(z, [x, y\) + a 2 -B(y, [2, 2]) + a 3 B(x, [y, z\) 

(9) +p 1 [z,B(x,y)]+p 2 [y,B(z,x)}+p 3 [x,B(y,z)}. 
By adding and subtracting equations (8) and (9) we obtain 

= («i + a 3 )B(x, [y, z\) + (a 2 + ai)J3(.z, [x, y]) + (a 3 + a 2 )B(y, [z, x]) 

(10) +(/?! + p 3 )[x, B{y, z)} + (P 2 + £(x, y)] + (p 3 + /3 2 )[y, x)} 
= («! - a 3 )B(x, [y, z\) + (a 2 - ai) B(z, [x, y\) + (a 3 - a 2 )B(y, [z, x\) 

(11) +(Pi ~ /%)[*> B(y, z)} + (P 2 - Pi)[z, B(x, y)] + (P 3 - p 2 )[y, B{z, x)} 

and thus QOC{ai,at2,as,Pi,lh,Pz) ^ ls * ne su bset of the intersection 1. Similarly, starting with equations 
(10), (11) we obtain equations (8), (9) and the remaining inclusion is proven. □ 

We show in the following theorem that four parameters are sufficient for the description of all 
spaces of two-dimensional twisted cocycles. 

Theorem 2.3. Let £ be a Lie algebra. Then for any 01,02,03, Pi, Pi, P3 £ C there exist a, P, 7, <5 G C 
such that the subspace coc( Q , liQ , 2iQ , 3j/ g lj/32j/ g 3 ) £ C C 2 (£, £) is equal to some of the following sixteen 
subspaces: 

(1) coc (a,0,0,/3,0,0) £; coc (a,0,0,/3,l -1) A COC( Qj i ,-l,/3,0,0) A coc (a,/3,-/3, 7 ,l -1) £ 

(2) COC( aj0 ,o,/3,l,0) coc (a,0,0,/3,l,l) ^! coc (a,/3,-/3,7,l,0) A coc (a,l ,-l,/3,l,l) ^ 

(3) COC( aj i )0j( 3,o,0) £'■> coc (a,l,l,/3,0,0) ^5 coc (a,l,0,/3, 7 -7) ^! coc (a,l,l,/3,l,-l) £ 

(4) coc( ai/3j7j(5ili o) £; coc( Q)/ g +liy g_ 1)7)li i) £; coc( q , i i i i i/3i7+ i i7 _i) £; coc( ai/ j i/3)7)1)1 ) £ 

Proof. Suppose a 2 + a 3 = and /3 2 + = 0. Then the following four cases are possible: 
(1) a 2 = —a 3 = and p 2 = ~p 3 = 0. In this case we have 

c OC( aiia2iQ , 3i/3li/ 3 2i/ 3 3 ) £ = COC( aij0 ,o,/3i,0,0) £■ 



(2) Q!2 = —as = and fa = — fa / 0. In this case we have: 

coc (ai,a2,a 3 ,/?i,/?2,/?3) C = coc (ai,0,0,/3i,/32,/3 3 ) C - 

= c °C(0,0,0,0,/32-/3 3 ,/33-/3 2 ) £ n COC( 2aij0 ,0,2/3i,0,0) £ 
= coc (0,0,0,0,2 -2) ^ n coc (2ai,0,0,2/3i,0,0) £ 
= COC( aij0 ,o, j 9i,l,-l) £ 

(3) «2 = — «3 / and fa = — fa = 0. In this case we have: 

coc (ai,a2,a3A,/32,/3 3 ) ^ = coc (ai,a 2 ,a 3 „«l,0,0) £ 

= coc (0,Q2-a 3 ,a 3 -a2,0,0,0) ^ ^ coc (2o 1 ,0,0,2/3i,0,0) £ 
= coc (0,2, -2,0,0,0) £ n coc (2q 1 ,0,0,2/3i,0,0) £ 
= COC( aijl -1,^,0,0) £ 

(4) a?2 = — «3 7^ and /3 2 = —03 / 0. In this case we have: 

coc (ai,a2,a 3 ,/3i,/3 2 ,/3 3 ) £ = coc (0,a2-a 3 ,a 3 -a2,0,/32-/3 3 ,/3 3 -/3 2 ) ^ n coc (2qi ,0,0,2ft, 0,0) £ 
= COC (0,2f^fi _2§S^§a ,0,2,-2) £ nCOC (2ai, 0,0,2/3! ,0,0) £ 



' 02~0z' ^/3 2 -/3 3 : 

: COC, a 2 -"3 a 2~" 3 o 1 _D £ 
KtXU 02-03' 02-03 ' PU ' ' 

Discussion of the three remaining cases of the values of «2 + «3 and fa + fa is similar to the previous 
case and we omit it. 

□ 

It may be more convenient, sometimes, to use different distribution of the cocycle spaces than in 
Theorem 2.3. Henceforth, we investigate mainly the cocycle space coC( 1;11 x,\ ,a) £ which for A / 
fits in the class coc( Q / g i/ 3 7)lil ) £, with a = (3 = 1/A, 7 = 1. For A = 0, the space coc( 1)1;li0 ,o,o) £ is a 
special case of the space coc( Q)1i1j/ 3 5 o,o) £, with a = 1,(3 = 0. We also put a = 0, (3 = 1, 7 = A into 
coc( Q)/3i/ 3 i7i i 5 i) £ and investigate the space coc (0 ,i,i,a,i,i) £■ 

3. Invariant Functions 

Theorem 3.1. Let g : £ — > £ be an isomorphism of Lie algebras £ and £. Then the mapping 
g : C«(£, £) -► C«(£, £), g £ N defined for all c G C 9 (£, £) and all xi, . . . , x q € £ by 

(^c)(xi, . . . = flrc(y _1 2:i, . . . 

is an isomorphism of vector spaces C q (C, £) and C 9 (£, £). For any complex symmetric (q+ l)-square 
matrix k 

g{Z q {C, ad £ , «)) = Z 9 (£, ad^, k) 

holds. 

Proof. Suppose we have 5 : £ — > £ such that for all x,j/6£ 

[sc.ylf = 5[5 _1 aJ,5 _1 y]£ 

holds. It is clear that the map £> : C q (C,C) — > C" ? (£,£), g G M is linear and bijective, i. e. it is an 
isomorphism of these vector spaces. By putting / = ad/; and rewriting definition (3) we have for 
c G Z q (C, ad£, k) and all xi, . . . , x q € £ 

9+1 

= ^2(-iy +1 K i i[g~ 1 x i ,c(g~ 1 x 1 , . . .,g~ l Xi, . . . , g~ 1 x q+1 )]c+ 
i=i 

9+1 . 

+ ^ ( — 1 ) i+J ^' c ([5 r_1;r ^ ff -1 ^]/:, 5 r ~ 1 ^i, • • -,g~ l Xi, . . .,g~ l xj, . . .,g~ 1 x q+1 ) 

i<j 
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Applying the mapping g on this equation and taking into account that Kij £ C one has 

9+1 

= ^2(-iy +1 Kii[xi, (gc)(xi,. ..,£»,.. . ,x q+1 )]£+ 



<?+! 

+ ^ ] (~1) "' K jj(f? c )([ :r i5 x j]c> x li • • • > -^ii • • • > • • • ) •Eg+l) 



»J=1 



i. e. £>c G Z 9 (£,ad^, re). 



□ 



Corollary 3.2. For any g£N and any complex symmetric (g + l)-square matrix re is the dimension 
of the vector space Z q (C,adc, re) an invariant characteristic of Lie algebras. 

Sixteen parametric spaces in Theorem 2.3 allow us to define sixteen invariant functions of up to 
four variables. However, a complete analysis of possible outcome is beyond the scope of this work. 
Rather empirically, following calculations in dimension four and eight, we pick up two one-parametric 
sets of vector spaces to define two new invariant functions of a n-dimensional Lie algebra £. We call 
functions ip£, pP £ : C — > {0, 1, . . . ,n 2 (n — l)/2} defined by the formulas 



the invariant functions corresponding to two-dimensional twisted cocycles of the adjoint represen- 
tation of a Lie algebra £. 

From Theorem 3.1 follows immediately: 

Corollary 3.3. If two complex Lie algebras £,£ are isomorphic, C = £, then it holds: 



3.1. Invariant Functions ip, (p and pr of Low dimensional Lie Algebras. We now investigate 
the behaviour of the functions <p, p>° in dimensions three and four. It was shown in [1] that the 
invariant function ip classifies indecomposable three-dimensional complex Lie algebras. Moreover, 
observing the tables in Appendix A, the following theorem holds. 

Theorem 3.4 (Classification of three-dimensional complex Lie algebras). 

Two three-dimensional complex Lie algebras £, £ are isomorphic if and only if £ = ip £. 

Observing the tables of p>°, we may also derive a quite interesting fact - the function p>° alone also 
classifies three-dimensional Lie algebras: 

Theorem 3.5 (Classification of three-dimensional complex Lie algebras II). 

Two three-dimensional complex Lie algebras £ and £ are isomorphic if and only if p>° £ = p>° £. 

Theorem 3.4 (or 3.5) provided complete classification of three-dimensional complex Lie algebras. 
We show in this section that combined power of the functions ip and p> distinguishes among all 
complex four-dimensional Lie algebras. We define the number of occurrences of j G C in a 
complex function /. Let j be in the range of values of /. If there exist only finitely many mutually 
distinct numbers xi, . . . , x m £ C for which f(x{) = • • • = f(x m ) = j holds then we write 



and say that j occurs in / m-times; otherwise we write / : j. 

Theorem 3.6 (Classification of four-dimensional complex Lie algebras). Two four-dimensional com- 
plex Lie algebras £ and £ are isomorphic if and only if ip £ = ip £ and p> £ = p £. 



(12) 
(13) 



{<p£){a) =dim 000(1,1,1^0) C 
(<p° £){a) = dim coc^i.ia,!,!) C 



(1) ip£ = ip£, 

(2) p£ = <p£,^ 

(3) p°£ = p°£. 



f ■ j; 



rn 



Proof. See Appendix B. 



□ 



An efficient algorithm for the identification of four-dimensional Lie algebras was quite recently 
published in [6]. We may now formulate an alternative algorithm: take a four-dimensional complex 
Lie algebra £ and 

(1) Calculate ip £ and ip£. 

(2) The range of values of the functions ip and (p and the number of their occurrences determines 
the label (g-k), k = 1, . . . , 34 in Appendix A. 

(3) The algebra is now identified up to the exact value of parameter(s) of the parametric contin- 
uum. These parameters are determined in the following cases: 

(g-8) Pick any of the two values z£C,z/l, which satisfy ip C(z) = 6, and put a = z. Then 
£^g 3i4 (a)©g 1 holds. 

(g-11) There are two different complex numbers z\, z 2 ^ which satisfy ipC{z\) = ip £(.z 2 ) = 13. 
If z\ — 1 = 2/z 2 holds then put a = z\ — 1, otherwise put a = Z2 — 1. Then £ = g 4j2 (a) 
holds. 

(g-17) There are three mutually different complex numbers z\, Z2,z% / 0,-1 which satisfy 
<pjr( Zl ) = <pC(z 2 ) = <p£(z 3 ) = 13. Put a = fgi, b = ^zl. Then £ * g 4 , 5 (a,6) 
holds. 

(g-18) Pick any of the six values z G C, which satisfy ip C(z) = 5, and put a = z. Then 

C = g4 5 5(a, —1 — a) holds. 
(g-19) Pick any of the two values z G C, z ^ 1, which satisfy ip C{z) = 6, and put a = z. Then 

£ — g4,5(a, a 2 ) holds. 

(g-20) Take the value z £ C, which satisfies <p£(z) = 15, and put a = z — 1. Then C = g4 i s(a, 1) 
holds. 

(g-21) Pick any of the two values zeC, which satisfy <p£(z) = 13, and put a = z + 1. Then 
£^g 4i5 (o,-l) holds. 

(g-28) Pick any of the two values z £ C, z / 2 which satisfy ip£(z) = 4, and put a = z. Then 
C = g 4j8 (a) holds. 

We demonstrate the above algorithm of identification on the following example. 

Example 3.1. In [6], a four-dimensional algebra L\ was introduced: 

£i : [ei,e 2 ] = -ei - e 2 + e 3 , [ei, e 3 ] = -6e 2 + 4e 3 , [d, e 4 ] = 2ei - e 2 + e 4 , 

[e 2 , e 3 ] = 3ei - 9e 2 + 5e 3 , [e 2 , e 4 ] = 4ei - 2e 2 + 2e 4 , [e 3 , e 4 ] = 6ei - 3e 2 + 3e 4 . 

(1) Computing the functions ip L\ and </5jCi one obtains: 



a 


1 


2 


i 

2 




ipCi(a) 


6 


5 


5 


4 



a 


3 


1 




<p£i(a) 


13 


13 


12 



(2) The combination of occurrences ip C\ : 6i, 5 2 ,4 and tp£i : 13 2 , 12 is unique for the case (g-11). 

(3) Since for z\ = 3, z 2 = 1 the equality z\ — \ = 2/z 2 holds, one has a = zi — 1 = 2 and 

A = g 4 , 2 (2). 



4. Contractions of Lie Algebras 

4.1. Continuous Contractions of Lie Algebras. Suppose we have an arbitrary Lie algebra C = 
(V, [ , ]) and a continuous mapping U : (0, 1) -> GL(V), i. e. [7(e) G GL(V), < e < 1. If the limit 

(14) [x,y] = lim U(e)- 1 [U(e)x,U(e)y] 

exists for all x,y £ V then we call the algebra Co = (V, [ , ]o) a one— parametric continuous 
contraction (or simply a contraction) of the algebra C and write C — ► £o- We call the contraction 
£ — > £o proper if £ ^ £o- Contraction to the Abelian algebra is always possible via U(e) = el. 

It is well known that if £ — > £o is any one-parametric continuous contraction of a Lie algebra £ 
then £o is also a Lie algebra. Invariant characteristics of Lie algebras change after a contraction. The 
relation among these characteristics before and after a contraction form useful necessary contraction 
criteria. For example, such a set of these criteria, which provided the complete classification of 



contractions of three and four-dimensional Lie algebras, has been found in [13]. Our aim is to state 
new necessary contraction criteria using (a, (3, 7)-derivations and twisted cocycles. 

Theorem 4.1. Let £ be a complex Lie algebra, £ — ► £o and q € N. Then for any (q + 1) X (q + 1) 
complex symmetric matrix k 

(15) dim Z q (£, ad/;, n) < dim Z q (£o, &dc , k) 
holds. 

Proof. Suppose that the contraction £ — > £o is performed by the mapping U, i. e. [x, y]o = 
lim £ ^ 0+ [x,y] £ , where 

[x,y] e = U(e)- 1 [U(e)x,U(e)y], Vx, y G £. 

Suppose £ = (V, [ , ]) and let us fix a basis {x±, . . . , x n } of V. We denote the structural constants of 
the algebra £ by 4 and the structural constants of the algebras £ £ = (V, [, ] e ) by c^(e). Then it 
holds 

(16) 4(0)= lim 4(e), 

J e— >0+ J 

where c^-(0) are the structural constants of jCq. The dimension of the space Z q (C, ad/;, k) is determined 
via the relation 

(17) dim £<?(£, ad £ ,rc) = dim C q (£, £) - rank S q {£, k), 

where S q (C,K) is the matrix corresponding to the linear system of equations generated from (3). 
We write the explicit form of this system for q = 1. Then we obtain from (3) that D = (Dij) £ 
Z 1 (C, ad/;, (a ")) if and only if the linear system with the matrix S 1 (£, ")) is satisfied 

n 

(18) 5 1 (£,(^)): ^ -a^D ff + (5c s rj D ri + 7 4^i = 0, Vi,j,s £ {1, . . . ,n}, 

and similarly for (7 > 1. Since £ e = £ holds for all < e < 1, we see from Corollary 3.2 that 

(19) dim Z q (C, &d c , k) = dim Z q (jO. £ ,ad Ce ,K), < e < 1, q G N. 
Since the relation 

(20) dimC 9 (£,£) = dimC 9 (£ e ,£ e ) = dimC 9 ^, £ ), < e < 1, 96N 
holds, the relations (17), (19) then imply that 

(21) rank,S 9 (£,K) = rank ^(£ e , k), < e < 1, q G N. 

The rank of the matrix S q (C, k) is equal to r if and only if there exists a non-zero minor of the order r 
and every minor of order higher than r is zero. It follows from (21) that all minors of the orders higher 
than r of the matrices S q (C £ ,n) are zeros. Since the equality (16) holds, all minors of the matrices 
S q (C £ ,K) converge to the minors of the matrix S q (Co,^)- Thus, as the limits of zero functions, all 
minors of order higher than r of the matrix S q (Co, k) are also zero. Therefore rankS" ? (£o, k) < r and 
the statement of the theorem follows from (17) and (20). □ 

There exist other necessary contraction criteria, similar to (15) - certain inequalities between 
invariants. However, one very powerful criterion is quite unique. This highly non-trivial theorem, 
very useful in [11, 5, 13], was originally proved in [15]. 

Theorem 4.2. If Cq is a proper contraction of a complex Lie algebra £ then it holds: 

(22) dimder£ < dimder£o- 

Corollary 4.3. If £ is a proper contraction of a complex Lie algebra £ then it holds: 

(1) ^£<^£ 

(2) ^£(1) <^£o(l). 

Proof. Since tp £( a ) = dim Z 1 (£, ad/;, ( * f )) the first inequality follows from (15) and the second 
from i[> C{1) = dimder£ and (22). □ 



8 



Corollary 4.4. If Cq is a contraction of a complex Lie algebra C then it holds: 

(1) ifC < ip Co 

(2) ^°£<^ £ . 

Proof. Since p C(a) = dimZ 2 ^£,ad£, a the first inequality follows from (15); the proof of 
the second condition is analogous. □ 

4.2. Continuous Contractions of Low dimensional Lie Algebras. We have used the invariant 
function ip to classify all three-dimensional Lie algebras in Theorem 3.4. We now employ the necessary 
contraction criterion of Corollary 4.3 to describe all possible contractions among these algebras. The 
behaviour of the function ip determines the classification and contractions of three-dimensional Lie 
algebras. Contractions of three-dimensional algebras were the most recently classified in [13]: 

Theorem 4.5. Only the following proper contractions among three-dimensional Lie algebras exist: 

(1) g 34 (— 1) is a contraction of sl(2, C), 

(2) g 33 is a contraction of g 32 , 

(3) g3,i is a contraction of g 32 , g 3)4 (a), g 2 ,i©gi and sl(2,C). 

(4) all algebras contract to the Abelian algebra 

Analysis of all possible pairs of three-dimensional Lie algebras leads us to the following theorem. 
Theorem 4.6 (Contractions of three-dimensional complex Lie algebras). 

Let C, Cq be two three-dimensional complex Lie algebras. Then there exists a proper one-parametric 
continuous contraction C — > Cq if and only if 

ip£<ip£ and if} £(1) < V £o(l). 

Proof. =4> : This implication is, in fact, Corollary 4.3. 

<=: This implication follows from a direct comparison of the tables of the invariant functions ip of 
three-dimensional Lie algebras in Appendix A and Theorem 4.5. □ 

We discuss the application of the criteria of the Corollaries 4.3 and 4.4 to the four-dimensional Lie 
algebras in the following examples. 

Example 4.1. To demonstrate behaviour of the functions if>,ip and p° in dimension four, we consider 
the following sequence of contractions [5, 13] : 

sl(2,C)0 gl g4 )8 (-l) g 3i4 (-l)© gl g 4jl g 3 ,i©gi 4 gl . 

Note in Table 1, how the value of each invariant function is greater or equal than the value in the 
previous row. As expected, the strict inequality for the values ip(l) holds - in this case the sequence 
of dimensions: 4, 5 , 6 , 7 , 10 , 16. The strict increase of values is also identified in the following cases: 
■0(2), 'generic values' of ip, f(l/2) and 'generic values' of ip. These conjectures of strict inequalities 
are, however, not valid for the general case of a contraction in dimension four. 

Example 4.2. Consider the pair of parametric four-dimensional Lie algebras g 4 2 (a), o/O, ±1, —2 and 
g 4 5(0', 1), a' 7^ 0, ±1, —2. There are two possibilities, how the corresponding tables of the invariant 
functions ip, in Appendix A cases (g-11) and (g-20), can satisfy </?g 4)2 (a) < pg 45 (a',l). The first 
possibility leads to conditions a' + 1 = 2/a and a + 1 = 2/a! - these have solutions a = a' = 1, — 2 and 
we excluded them. The second possibility implies a = a' . The necessary condition 1. of Corollary 4.4 
therefore admits only the contraction g 42 (a) — > g 45 (a, 1). This contraction indeed exists [13]. In 
Table 2 we summarize the behaviour of the functions ip, (p and p°. Note that the function if> grows 
only at the points 1, a, ^ and the function tp only at one(!) point 1 + a. 

Example 4.3. Consider the pair of four-dimensional Lie algebras g 4 7 and g 42 (l). The necessary 

conditions -^84,7 < ^84,2 (1)> [V 7 1=4,7] (1) < [V> g4,2(l)](l) and pg 4 j < ^84,2(1) are satisfied. But since 
it holds 



a contraction is not possible. 



l = [/g 4 j] (§) >b°g4,2(l)] Q)=0, 
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Table 1. Invariant functions ip , ip and (p° of the contraction sequence: sl(2,C)©g 1 — ► 

g4,8(-!) ~> g3,4(-l)©gl §4,1 g3,l©gl 4 Si" 





V'(a) 


tp(a) 


¥>°(a) 


a 


-1 





1 


2 




-1 





1 


i 

2 







1 


2 




si(2,c)e gl 


6 


4 


4 


2 


1 


14 


12 


12 


10 


9 








1 





g 4 , 8 (-i) 


6 


4 


5 


4 


4 


14 


12 


13 


12 


12 








1 





g 3 , 4 ("i)©gi 


7 


7 


6 


5 


5 


16 


16 


15 


14 


14 


3 


3 


3 


1 


g 4 ,i 


7 


7 


7 


7 


7 


16 


16 


15 


15 


15 


3 


3 


3 


3 


g3,l®Sl 


10 


11 


10 


10 


10 


19 


20 


19 


19 


19 


8 


11 


8 


8 


4gi 


16 


16 


16 


16 


16 


24 


24 


24 


24 


24 


24 


24 


24 


24 



Table 2. Invariant functions ip, ip and if of the contraction: g4 2(a) — * g4,5( a > 1) 





V>(a) 






a 


1 


a 


1 

a 




1 + a 


2 

a 




2 


1 + a 


1 + i 

a 




g4,2(a) 


6 


5 


5 


4 


13 


13 


12 


3 


1 


1 





g4, 5 ( a > 1 ) 


8 


6 


6 


4 


15 


13 


12 


7 


2 


2 






4.3. Graded Contractions of Lie algebras. Consider a graded contraction of the Pauli graded 
sl(3, C) which was in [7] denoted by e 17 ' 7 (a), a / 0. We may determine this graded contraction by 
listing its non-zero commutation relations in Z^-labeled basis (Z01, 102, ho, ho > ^11 , l>22,h2, hi)'- 

£i7j( a ) '■ [hi, ho] = — a hi, [loi,ho]=hi, [hi, hi] = h2, [loi, I22] = ho, 
[h2,ho]=h2, [h2,h2]=hi, [ho,hi] = hi, a ^ 0. 

Lie algebras £17,7(0) are all indecomposable, nilpotent and their derived series, lower central series, 
upper central series and the number of formal Casimir invariants [16] coincide. The invariant function 
ip has the following form: 



a 





1 




i>Cn i7 (a)(a) 


20 


19 


18 



In this case, the function ip completely fails - does not depend on a / 0. We are able, however, to 
advance by calculation of the function ip: 

a = 1 a = —1 



a 





1 


-1 




¥>£i7,7(l)(a) 


112 


83 


81 


80 



a 





1 


-1 




<PA7,7(-I)(a) 


104 


83 


81 


80 



10 





a 





1 


4 4 1 




<pCvu(\ + ^i) (a) 


104 


82 


82 


80 


U 4 4 1 


a 





1 


4 T 4 * 




yCvrj^-^i) (a) 


104 


82 


82 


80 



a = 



a 





1 


l 

3 




¥>£i7,7 (§) (a) 


104 


83 


81 


80 



a 





1 


—a 


2 ^ 2a 




<p£i7,7(a)(a) 


104 


82 


81 


81 


80 



In order to verify that 



(23) ^£17,7(0): 104i,82i,81 2 ,80, a + 0, ±1, \, - ± ^-i 



1 1 V7. 
3' 4 4 



we have to check the equality 



1 1 

"2 + 2^ 



which has the solutions ^ ± ^i. Thus, (23) is verified. 
We proceed to solve the relation 

1 1 

ip£ 17 j(a) = <p£ 17 j(a'), a, a' / 0,±1, -, - ± — i 

and we obtain 

(1) if _ a = _ a / } _i + _L = 1 + _i_ then a = a '. 

(2) If -« = ~\ + ^ = ~\ + £ then a = a' = \ ± 

The second case is not possible. Observing that all other tables of the function 

£17,7(0), a^±l,-,-± —1 

are mutually different, we have: if ip£nj(a) = (p £uj(a'), a, a' 7^ then a = a'. We conclude that 
even though the function ip did not distinguish the algebras in nilpotent parametric continuum, the 
function ip provided their complete description. 



5. Concluding Remarks 



• The invariant functions ip and ip are able to classify all four-dimensional Lie algebras and 
provide also necessary contraction criteria. In order to obtain stronger contraction criteria, 
we also defined the function supplement to the functions ip and ip (see Example 4.3). 

However, the combined forces of the Corollaries 4.3 and 4.4 do not provide us with a complete 
classification of contractions of four-dimensional Lie algebras. 
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• Existence of invariant functions, arising from the concept of two-dimensional twisted cocycles 
and allowing classification of continuous contractions of four-dimensional complex Lie alge- 
bras, remains an open problem. The complete description of the spaces of two-dimensional 
twisted cocycles for four-dimensional Lie algebras would solve the existence of such functions 
explicitly. However, such a complete description seems, at the moment, out of reach. 

• The contraction criterion formulated in Theorem 4.1 is a natural generalization of contraction 
criteria which involve standard cohomology cocycles - see e.g. [11, 14]. 

• The invariant function ip can be easily generalized and used as an invariant of an arbitrary 
anti-commutative or commutative algebra - it can, for example, describe all two-dimensional 
complex Jordan algebras and their contractions [17]. 

• In contrast to algebraic approach of the 'trace' invariants C pq and \i [5, 6], the concept 
of invariant cocycles provides a new knowledge about the dimensions of highly non-trivial 
structures, interlaced with given Lie algebra. Considering parametric continua of nilpotent 
algebras, which firstly appear in dimension 7, the invariant functions ip,(p,(p° seem to be even 
more important. In these cases, the behaviour of these invariant functions is quite unique and 
irreplaceable. 
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Appendix A 

Appendix A contains the classification of complex Lie algebras up to dimension four and the invari- 
ant functions ip, (p, if . We basically follow the notation of [13]. Instead of the symbols ip C,ip C, (p° £, 
abbreviated symbols ip, ip, ip° are used. Blank spaces in the tables of the functions ip, ip, ip° denote 
general complex numbers, different from all previously listed values, e. g. it holds: 

V>g 3 , 4 (-l)(a) =3, a£C,«/il. 

Two dimensional Complex Lie Algebras. 

2g x : Abelian 



a 


1 




ip(a) 


4 


4 



a 




<p(a) 


2 



g 2 ,i : [ei,e 2 ] = ei 



a 


1 







ip(a) 


2 


3 


2 



Three dimensional Complex Lie Algebras. 

3gi : Abelian 



a 


1 




ip(a) 


9 


9 



g2,i®gi : [ei,e 2 ] = e 2 



a 




<p(a) 


2 



a 




<p(a) 


9 



a 




p°(a) 


2 



a 


2 




p°(a) 


1 






a 




p°(a) 


9 



a 


1 







V-(a) 


4 


6 


4 



§3,i : [e2,e 3 ] = ei 



a 




ip(a) 


6 



a 


1 


2 




p°(a) 


2 


2 


1 



12 



a 


1 




tp(a) 


6 


6 



§3,2 : [ei,e 3 ] = ei, [e 2 ,e 3 ] = ei + e 2 



a 


1 






4 


3 



§3,3 : [ e i> e 3] = ei, [e 2 ,e 3 ] = e 2 





1 




V>(a) 


6 


3 



s] = ei, 


[e 2 , 


e 3 ] = 




a 


1 


-1 




ip(a) 


4 


5 


3 










p(a) 


9 


8 



a 




ip(a) 


6 



a 




tp(a) 


6 










tp(a) 


9 


7 



§3,4( a ) : [ei,e 3 ]=ei, [e 2 ,e 3 ]=ae 2 , a^O,±l 







¥>°(a) 


3 



a 


2 




<p°(a) 


2 






a 


2 




p°(a) 


6 











2 




p°(a) 


2 


2 






a 


1 


a 


l. 

a 




V'(a) 


4 


4 


4 


3 


ei,e 2 ] 


ei, 


[e 2 


,e 3 ] 


= < 



a 




ip(a) 


6 





2 


1 + a 


1 + i 










a 




¥>°(a) 


2 


1 


l 






a 


1 


-1 


2 




i>(a) 


3 


5 


1 






a 







<p(a) 


9 


6 



Four dimensional Complex Lie Algebras. 

(g-1) 4g x : Abelian 



a 


1 






16 


16 







<P(") 


24 



(g-2) g 2 ,i©2g 1 : [ei,e 2 ]=ei 



a 


1 







V>(«) 


8 


11 


8 



a 







<p(a) 


16 


14 



(g-3) g 2 ,i © g 2 ,i : [ei, e 2 ] = e u [e 3 , e 4 ] = e 3 





1 







V'(a) 


4 


6 


4 



a 





1 




ip(a) 


12 


12 


10 



(g-4) g 3 ,i©gi : [e 2 ,e 3 ]=ei 





1 







V>(«) 


10 


11 


10 



a 







<p(a) 


20 


19 



(g-5) g 3 ,2©gi : [ei,e 3 ] =ei, [e 2 ,e 3 ] =ei + e 2 



a 


1 







V>(a) 


6 


7 


5 





1 




p(a) 


13 


12 



a 


2 






1 










p°(a) 


24 





1 


2 




¥>°(a) 


8 


7 


6 





1 


2 






2 


2 








1 




p°(a) 


11 


8 





1 


2 




p°(a) 


3 


3 


1 



13 



-6) g 3 ,3©gi : [ei,e 3 ] = ei, [e 2 ,e 3 ] = e 2 





1 









8 


7 


5 





1 




p(a) 


15 


12 



a 


1 


2 




/(a) 


3 


7 


1 



5 Si : 


[e 


1) e; 




i. [ 


a 


1 





-1 






6 


7 


7 


5 



a 


1 





-1 




p(a) 


15 


16 


16 


14 





1 


2 









3 


3 


3 


1 



(g-8) g 3 ,4( a )©gi : [ei,e 3 ] = ei, [e 2 ,e 3 ] = ae 2 , a 7^ 0,±1 



a 


1 





a 


l. 












a 




V>(a) 


6 


7 


6 


6 


5 



a 


1 


a 


l 










a 




ip(a) 


13 


13 


13 


12 



a 


1 


2 


1 + a 


1 + i 










a 






3 


3 


2 


2 


l 



(g-9) sl(2,C)©g 1 : [ei,e 2 ] = ei, [e 2 ,e 3 ]=e 3 , [ei,e 3 ]=2e 2 



a 


1 





-1 


2 






4 


4 


6 


2 


1 



a 


1 





-1 


l 

2 




ip(a) 


12 


12 


14 


10 


9 



(g-10) g 4jl : [e 2 ,e 4 ] = d, [e 3 ,e 4 ] = e 2 





1 






7 


7 



a 


-1 







p(a) 


16 


16 


15 



a 


2 




p°(a) 


1 






a 




<p°(a) 


3 



(g-11) g 4 , 2 ( a ) : [ei,e 4 ] =aei, [e 2 ,e 4 ] = e 2 , [e 3 ,e 4 ] =e 2 + e 3 , a ^0, ±1,-2 



a 


1 


a 


l 

a 




tp(a) 


6 


5 


5 


4 



a 


1 + a 


2 
a 




tp(a) 


13 


13 


12 



a 


2 


1 + a 


1 + i 

a 




/(a) 


3 


1 


l 






(g-12) g 4 i2 (l) : [ei, e 4 ] = ei, [e 2 , e 4 ] = e 2 , [e 3 , e 4 ] = e 2 + e 3 





1 




V>(a) 


8 


4 


= -2ei, 


[e 2 , e 4 ] 





2 




p(a) 


15 


12 



(g-13) g 4 2 (-2) : [ei,e 4 ] = -2ei, [e 2 ,e 4 ] = e 2 , [e 3 , e 4 ] = e 2 + e 3 



a 


1 




2 




l 

2 




V-(a) 


6 


5 


5 


4 


[ei,e 4 




-ei, 


[e 2 ,e 4 


] = 




a 


1 




-1 








V>(a) 


6 


6 


4 





a 


-1 




ip(a) 


15 


12 



a 


-2 







ip(a) 


13 


16 


12 



(g-15) g 4:3 : [ei,e 4 ] = d, [e 3 ,e 4 ] = e 2 





1 







V'(a) 


6 


7 


6 












16 


13 



a 


2 




¥>°(a) 


7 








2 


-1 


i 

2 




p°(a) 


3 


1 


1 











2 




p°(a) 


2 


3 






a 


1 


2 






3 


3 


2 



11 



(g-16) g 4A ■ [ei,e 4 ] = ei, [e 2 , e 4 ] = ex + e 2 , [e 3 , e 4 ] = e 2 + e 3 





1 




V>(a) 


6 


4 





2 






13 


12 





1 


2 




p°(a) 





3 






(g-!7) g 4 , 5 ( a >&) : [ei,e 4 ] = aei, [e 2 ,e 4 ] = 6e 2 , [e 3 ,e 4 ] = e 3 , 

a ^ 0, ±1, ±6, 1/6, 6 2 , -1 - 6, 6^0, ±1, ±a, 1/a, a 2 , -1 - a 



a 


1 


a 


l. 


b 


i 


a 


6 










a 




6 


6 


a 




ip(a) 


6 


5 


5 


5 


5 


5 


5 


4 



a 


a + b 


l+o 
6 


1+6 

a 




p(a) 


13 


13 


13 


12 



a 


2 


1 + a 


1 + 6 


1 + i 


i + i 


i+f 


i + ± 










a 






a 




y>°(a) 


3 


1 


1 


l 


i 


i 


l 






(g-18) g 4)5 (a,-l - a) : [ei, e 4 ] = aei, [e 2 , e 4 ] = (-1 - a)e 2 , [e 3 , e 4 ] = e 3 , 

a ^ 0, ±1, -2, -1/2, -1/2 ± iv/3/2 



a 


1 


a 


l 


-1 - a 


l 


a 


a+1 




a 


l+a 


a+1 


a 




rp(a) 


6 


5 


5 


5 


5 


5 


5 


4 



a 


-1 




ip(a) 


15 


12 



(g-19) g 4 , 5 (a,a 2 ) 



a 


2 


l + a 


—a 


1 + i 

a 


a 
a+1 


1 

a+1 


_ 1 

a 






3 


1 


1 


l 


1 


1 


1 






[ei,e 4 ]=aei, [e 2 , e 4 ] = a 2 e 2 , [e 3 ,e 4 ]=e 3 , 
a ^ 0, ±1, ±i, -1/2 ± iv/3/2 



a 


1 


a 


JL 

a 


a 2 


i 

a 2 




ip(a) 


6 


6 


6 


5 


5 


4 



a 


a + a 2 


a+1 

a 2 


a 2 + l 
a 




p(a) 


13 


13 


13 


12 



(g-20) g 4 , 5 («,l): 



a 


2 


l + a 


l + a 2 


1 + i 


1 + 4 










a 






p°(a) 


3 


2 


1 


2 


l 






[ei,e 4 ]=aei, [e 2 ,e 4 ]=e 2 , [e 3 ,e 4 ]=e 3 , 
a ^ 0,±l,-2 



a 


1 


a 


JL 

a 




V>(a) 


8 


6 


6 


4 



a 


l + a 


2 
a 




<p(a) 


15 


13 


12 



a 


2 


l + a 


1 + i 

a 




<P°(<*) 


7 


2 


2 






(g-21) g 4)5 (a,-l) : [ei,e 4 ] = aei, [e 2 ,e 4 ] = -e 2 , [e 3 ,e 4 ] = e 3 , 
a 7^ 0,±l,±i 



a 


1 


a 


l 


-1 


—a 


_ l 










a 






a 




ip(a) 


6 


5 


5 


6 


5 


5 


4 



a 


-l + a 


-1 - a 







<p(a) 


13 


13 


16 


12 



a 


2 


l + a 





1 + i 


1 -a 


1-i 








a 




a 






3 


1 


2 


l 


1 


l 






15 



(g-22) g 4 5 (1, 1) : [ei, e 4 ] = ei, [e 2 , e 4 ] = e 2 , [e 3 , e 4 ] = e 3 





1 




V>(a) 


12 


4 



a 


2 




tp(a) 


18 


12 



a 


2 






18 






(g-23) g 45 (-l,l) : [ei,e 4 ] = -ei, [e 2 ,e 4 ] = e 2 , [e 3 ,e 4 ] = e 3 



a 


1 


-1 




V>(a) 


8 


8 


4 



a 





-2 




tp(a) 


20 


13 


12 



a 


2 







p°(a) 


7 


4 






(g-24) g 45 (-2, 1): [ei,e 4 ] = -2ei, [e 2 ,e 4 ]=e 2 , [e 3 ,e 4 ]=e 3 



a 


1 


-2 


i 

2 




V>(a) 


8 


6 


6 


4 





-1 




<p(a) 


16 


12 



a 


2 


-1 


l 

2 




¥>°(a) 


7 


2 


2 






(g-25) g 4 , 5 ( 



I J. Vlj -I _ &4\ ■ 



5V - 2 -r —'i ~2 - "2"*) : t e i' g 4] = ( _ 5 + ^r*) e i; [e 2 , e 4 ] = (- 

[e 3 ,e 4 ] = e 3 



2 - "f)^' 



a 


1 


2 ^ 2 1 


1 V3- 

2 2 ' 




i>(a) 


6 


7 


7 


4 





-1 




<p(a) 


15 


12 



a 


2 


1 \/3 • 

2 2 1 


2 ^ 2 1 




<p°(a) 


3 


3 


3 






(g-26) g 4 , 5 (^ -1) : [ei, e 4 ] = iei, [e 2 , e 4 ] = -e 2 , [e 3 , e 4 ] = e 3 



a 


1 


i 


— 2 


-1 






6 


6 


6 


6 


4 



a 


-1 + t 


-l - ?; 







p(a) 


13 


13 


16 


12 



a 


2 


1 + i 





1 - i 




y>°(a) 


3 


2 


2 


2 






a 


1 


2 




r/>(a) 


5 


4 


3 



[e 2 ,e 4 ] = 


= e 2 , 


[e 3 , 


1 

24J = 


e 2 4 


a 





1 


3 




¥>°(a) 


12 


12 


12 


11 



a 


3 
2 


2 




p°(a) 


1 


1 






(g-28) g 4 . 8 (a) : [e 2 ,e 3 ] = ei, [ei, e 4 ] = (1 + a)ei, [e 2 ,e 4 ]=e 2 , [e 3 ,e 4 ]=ae 3 
a ^ 0,±l,±2,±l/2,-l/2±v/3i/ 2 



a 


1 


2 


a 


JL 

a 




V'(a) 


5 


4 


4 


4 


3 



a 





1 


1 + 2a 


1 + * 

a 


! + §(«+=) 




<p(a) 


12 


12 


12 


12 


12 


11 





2 


l+2a 
1+a 


2 +a 
1+a 






1 


1 


1 






(g-29) g 4 ,s( 1 ) : [e 2 ,e 3 ] = ei, [ei,e 4 ] = 2ei, [e 2 ,e 4 ] = e 2 , [e 3 ,e 4 ] = e 3 



a 


1 


2 




V'(a) 


7 


4 


3 



a 





1 


3 




tp(a) 


12 


12 


14 


11 



a 


2 


3 
2 




p°(a) 


1 


2 






(g-30) g 4 , 8 (2) : [e 2 ,e 3 ] = e 1} [ei,e 4 ] = 3ei, [e 2 ,e 4 ] = e 2 , [e 3 ,e 4 ] = 2e 3 



16 



a 


1 


2 


i 

2 




V>(a) 


5 


5 


4 


3 



a 





1 


5 


2 


10 
3 




<p(a) 


12 


12 


12 


12 


12 


11 



a 


2 


5 
3 


4 
3 




<p°(a) 


1 


1 


1 






(g-31) g4,s(°) : [e2,e 3 ]=ei, [e 1 ,e 4 }=e 1 , [e 2 ,e 4 ]=e 2 



(g-33) g4, 8 (-2) 



a 


1 







il>(a) 


5 


6 


4 



a 





1 




p(a) 


12 


13 


11 



(g-32) g 4 , 8 (-l) : [e2,e 3 ] = ei, [e 2 ,e 4 ] = e 2 , [e 3 ,e 4 ] = -e 3 



a 


1 


2 




¥>°(a) 


2 


2 








1 


-1 






a 


1 


-1 






a 


2 






5 


6 


4 






13 


14 


12 






1 





e 3] = ei, [ 


si, e 4 


= 


-ei, 


[e2, e 4 ] 


= e 2 


, [e3, 


e 4 ] = 


= -2e 3 







a 


1 


2 


-2 


l 

2 




r/>(a) 


5 


4 


4 


4 


3 



a 





1 


-3 




if{a) 


16 


12 


12 


11 



a 


2 


3 







<p°(a) 


1 


1 


1 






(g-34) g 4 , 8 (-^ + ^i): [e 2 ,e 3 ] = ei, [ei,e 4 ] = (| + ^i)ei, [e 2 ,e 4 ] = e 2 , 

[e 3 ,e 4 ] = (-± + ^)e 3 



a 


1 


2 


2^2* 


1 V5 { 

2 2 1 




V>(a) 


5 


4 


4 


4 


3 



a 





1 


y/li 


-V3i 




p(a) 


12 


12 


12 


12 


11 



a 


2 


3 , 73 • 
2 2 


3 y/3j 
2 2 1 




¥>°(a) 


1 


1 


1 






Appendix B: Proof of Theorem 3.6 

Lemma 5.1. For the following complex four-dimensional Lie algebras defined in Appendix A it 
holds: 

(g-8) g 3i4 (a)eg b a/0,±l 



(g-11) g4,(a),a^0,±l,-2 



^83,4(0) ©Si :7i,6 3 ,5 
^83,4(0) ©Si :13 3 ,12 

V>g4,2( a ) :6i,5 2 ,4 
^g4,2( a ) : 13 2, 12 

(g-17) g 4j5 (a, b), a + 0, ±1, ±6, I b 2 , -1-6, 6/0, ±1, ±a, ± a 2 , -1 - 

V , g4,5( a > & ) :6i,5 6 ,4 
cpg 4 ^(a,b) :13 3 ,12 
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(g-18) g 4 , 5 (a, -1 - a), a + 0, ±1, -2, -±, -± ± % 

i>U,hi a i- 1 - a ) :6i,5 6 ,4 
( PS4,5(. a ^~ 1 ~ a ) :15i,12 

(g-19) g 4 , 5 (a,a 2 ), a/0,±l,±i,-±±^ 

^g 4j5 (a,a 2 ) :6 3 ,5 2 ,4 
99g 4i5 (a,a 2 ) : 13 3 , 12 

(g-20) g 4)5 (a,l), a ±1,-2 

V>g4,5( a >!) : 8i,6 2 , 4 
^g 4 , 5 (a, 1) :15i,13i,12 

(g-21) g 4 , 5 (a,-l), a^0,±l,±z 

^g^sC .- 1 ) :6 2,5 4 ,4 
Vg4,5(°.- 1 ) :16i,13 2 ,12 

(g-28) g 4i8 (a), a / 0, ±1, ±2, ±±, -I ± ^ 

^g 4j8 (a) :5i,4 3 ,3 
^g4,8( a ) : 125, 11 

Proof. Let us give the detailed proof for the case (g-18). We have to check for solutions each of 15 
possible equalities 

1 

a 

11 

a = — 1 — a 

a 



a 



a + 1 
a + 1 



1 + a a 

These equations have all solutions in the set jo, ±1, —2, — 1, — \ ± - these values we excluded 

from the beginning. The rest of the proof is analogous. □ 

Lemma 5.2. For the four-dimensional Lie algebras from Lemma 5.1 it holds: 
(g-8) If Vg 3 ,4(a) gi = Y>g 3 ,4(a') © gi then 0! = a,\. 

(g-11) If ^g 4i2 (o) = Vg4,2( a ') then a> = a - 

(g-17) If <pgA 5 (a,b) = <pg 45 (a',U) then 



(a',b') = (a,b),(b,a), 



1 b\ fb 1\ fl aX fa 1 
a a I \a a J Kb' b J \b'' b 



(g-18) If ^g4 i5 (o,-l-o) = ^g 4i5 (a',-l -a') then 

1 a 1 1 

a =a,—,—- , — 1 ,—1 — a,—- 



a 1 + a a 1 + a 

(g-19) If i/>g 4 , 5 (o,a 2 ) = ^g 4 5 (a',a /2 ) then a' = a, \. 
(g-20) If (^g 4)5 (a, 1) = (pg 4i5 (a', 1) then a' = a. 
(g-21) If 99g 4)5 (a, -1) = <^g 4j5 (a',-l) then a' = a, -a. 
(g-28) If Vg4,s( a ) = ^g4,8(°0 then a ' = °> \- 
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Proof. Cases (g-8), (g-19), (g-20), (g-21) and (g-28) are obvious. 
Case (g-11). The function ip of g 4)2 (a') has the form 



(24) 



a 


l + o' 


2 

a' 




84,2(0') («) 


13 


13 


12 



and there are two possibilities: 

(12) If a + 1 = a' + 1, I = then a' = a. 

(21) If a + 1 = ^r, a' + 1 = I then a = a' = 1, —2, which is not possible. 
Case (g-17). The function ip of g4 ) 5(a / , b') has the form 



(25) 



a 


a' + 6' 


1+0' 
6' 


1+6' 

a' 




¥>g4,5(a'.*0(a) 


13 


13 


13 


12 



and there are six possible correspondences between this table and (g-17). We obtain: 

(123) If z 2 = ±±&, z 3 = a + b then a' = a,b' = b. 

(213) If z 2 = ifcs, z 3 = a + 6 then a' = b,b' = a. 

(132) If z 2 = a + 5, z 3 = ±±& then a' = ± 6' = £ . 

(312) If z 2 = ±£2, z 3 = then a' = £ , 6' = ±. 

(231) If z 2 = a + 1, z 3 = ^ then a' = = f . 

(312) If z 2 = I±*, z 3 = i+2 then a' = f , 6' = ±. 

Case (g-18). It is convenient to note that six values in the table (g-18) can be arranged in the 
triple of pairs {a, ^}, {-1 — a, —j^} and {— ^jp, — jlh}. Then one checks directly only 6 • 2 3 = 48 
permutations and obtains the solutions like in the previous case. □ 

Corollary 5.3. For the four-dimensional Lie algebras from Lemma 5.1 it holds: 

(g-8) If ^ g 3 , 4 («) © gi = i> g 3 ,4(«0 © gi then g 3)4 (o) © gi g 3>4 (a') © gi- 

(g-17) If <pg 4 ^(a,b) = V9g 4)5 (a',6 / ) then g 45 (a, b) ^ g 4 5 (a', 6'). 

(g-18) If ip g4 >5 (a, -1 - a) = ip g 4>5 (a', -1 - a') then g 4i5 (a, -1 - a) ^ g 4)5 (o', -1 - a'). 

(g-19) If ifjg 4 ^(a,a 2 ) = V'g4,5(a' 5 «' 2 ) then g 4 5 (a,a 2 ) ^ g 4i5 (a / , a' 2 ). 

(g-21) If </?g 4 5 (a,-l) =¥>g4 )5 (a',-l) then g 4 5 (a,-l) ^ g 4i5 (a', -1). 

(g-28) If V>g4,8( a ) = V'g4,8( a/ ) then g 4)8 (a) = g4, 8 («')- 

Proof. The statement follows from Lemma 5.2 and from the relations 

(26) g 3)4 (a) © g! ^ g 3 , 4 (l/a) © gi 

(27) g 4)5 (a, b) ~ g 4 , 5 (6, a) ~ g 4 , 5 (^) , g 4 , 5 £ ±) * g 4 , 5 ( J, j) * g 4)5 (f , J) 

(28) g4 l8 (a) = g 4 , 8 (V«) ! 

which hold for all a, b 7^ and can be directly verified. □ 

Proof of Theorem 3. 6: 
=>: See Corollary 3.3. 

<=: According to Lemmas 5.1, 5.2, Corollary 5.3 and observing the tables in Appendix A, we 
conclude that all non-isomorphic four-dimensional complex Lie algebras differ at least in one of the 
functions ip or ip. 
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